INTRODUCTION

Usefulness of Demonstrations in Class
Teaching undergraduate and graduate engineering students in a classroom environment usually involves a number of techniques, including oral presentations and discussions, visual materials (images and video) to augment difficult ideas, written homework, quizzes tests, and exams, as well as hands-on laboratories. Classroom demonstrations of existing artefacts (chips, processors, boards, electromechanical devices, subsystems and systems) may also be very effective. Of particular importance are demonstrations developed specifically for the course by course participants, as they understand the challenges in acquiring difficult material.
In the case of dynamical systems (i.e., nonlinear dynamic systems that can exhibit chaos), the material taught requires considerable sophistication from the students, and explanations by traditional techniques may not be adequate [Kins12] . Consequently, using demonstrations of real examples of dynamical systems can ease the understanding of the underlying concepts, particularly when the demonstrations can behave in a fully-controlled fashion.
There are many such examples of dynamical systems that can be used for demonstration. However, there are only a few nonlinear systems that satisfy the following three key requirements simultaneously: (i) they can be described by an appropriate mathematical model (e.g., differential equations), can be modelled on a computer, and (iii) can be implementable in the laboratory for classroom demonstrations and research. Such examples should also satisfy additional requirements, including: (i) be inexpensive to implement with commercial off-theshelf (COTS) components, (ii) easy to maintain, (iii) easy to modify, (iv) durable in multiple use, and should be easy to monitor without affecting the quality of the measured signal (dynamical systems are sensitive to initial conditions and thus to sensor probes).
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BACKGROUND ON CHUA CIRCUIT
The Chua Circuit as a Dynamical System
Around 1983, Leon Chua developed a nonlinear circuit (today known as the Chua circuit) that is capable of demonstrating a rich collection of dynamical phenomena, ranging from fixed points to cycle points, standard bifurcations (period doubling), other standard routes to chaos, and chaos itself (e.g., [Chua07] , [Chua92] , [ChPW95] , [Chua06] , [PaCh89] , [Kapi02] , [Ogor97] , [Deva92] , [Ott93] , [AlSY96] , [PeJS92] , [Strog94] , [BrHT10] , [MaSi05] , [OtSY94] , [Kins12] ). A few years later, Chua, Komuro, and Matsumoto proved rigorously that the Chua attractor is chaotic indeed [ChKM86] . Moreover, the circuit can meet all the requirements outlined in the previous section.
As shown in Fig. 1 , the Chua circuit consists of three energy-storing components (two capacitors C1 and C2, one inductor L), one resistor R (or equivalently conductance G = 1/R), and one nonlinear resistor r N or conductance g N such as the Chua diode shown in Fig. 2 . This non-linear element provides the required energy for the circuit. Notice that we use capital letter to denote constant values, and lower-case letters to denote variables and values that are not constants in time. The circuit has two loops: the nonlinear loop with C1 (on the left) and the purely reactive loop with C2 (on the right). The two loops are coupled by the resistor R. When R is very large, the coupling is weak, and it is strong when R is small. The nonlinear resistor r N and the coupling between the two loops are responsible largely for making the behaviour of this simple circuit extraordinary. The circuit satisfies all the three requirements. First, the circuit can be modelled using standard circuit techniques.
Second, the circuit is implementable, maintainable, and can be constructed using COTS components. The behaviour of the circuit depends exclusively on the values of its components. Modification of the circuit can be achieved by either using different discrete-valued components, or variable components.
Third, since the chaotic behaviour occurs in the electric voltage and current loops in the circuit, the circuit can be sensed (monitored) by using either laboratory instruments such as an oscilloscope, or it can be captured using a standard high-impedance data acquisition instruments. Since the resistor is the only component which has a time-independent relation between voltage and current (V-I plot), changing the resistor value in the Chua circuit can be considered as the best way to modify the behaviour of the circuit. 
Circuit Model
The circuit can be modelled as a third-order RLC circuit with four linear elements and one nonlinear element. From Kirchhoff's law, one can write the following set of three first-order equations [Kapi02, Sec.
where the nonlinear conductance is approximated by a three-segment piecewise antisymmetrical linear function (Fig. 2) , with slopes G a (in the middle section) and G b (the outer sections), and the breakpoints at B p = ±1
This autonomous dynamical system (i.e., a system that evolves through its natural dynamics, without any 
where
and
Notice that x is related to the voltage on the C1, y relates to the voltage on C2, and z represents the current flowing through the inductor. The critical parameters are the ratios of the conductance of the nonlinear resistor in its middle G a to the coupling conductance G, and the outer conductance G b to G. The other parameters α and β relate the value of the capacitor C2 to C1 and to L, respectively. The circuit displays distinct classes of behaviour for different combinations of α, β, a, and b [Kins12] . For example, the full double-scroll chaos develops for α = 10.0, β = 14.87, a = -1.27, and b = -0.68.
Other Chaotic Circuits
In addition to the original Chua circuit, there are many of its variations. For example, lattices of such circuits produce more complex behaviour.
There are also many similar simple chaotic circuits. For example, Sprott introduced "jerk" chaotic circuits described by a single third-order autonomous ordinary differential equation, with various nonlinearities, often represented by piecewise linear approximations for ease of robust electronic implementation with diodes and opamps [Spro00a] , [Spro00b] . These circuits are also scalable over a wide range of frequencies.
CHUA CIRCUIT HARDWARE DESIGN
Alternative Designs
Several alternative implementations for the Chua circuit have been considered for the demo in the fractal and chaos course [Kins12] . The selected circuit provides flexibility in order to demonstrate different states of the Chua circuit, and can provide detailed control over the behaviour of circuit.
Using a single multi-tap digital potentiometer instead of the constant resistor used in the Chua circuit, a flexible embodiment of the circuit has been implemented. The digital potentiometer can be set either manually by the user, or automatically by a microcontroller. Since the change of value of the potentiometer is automated, different control schemes can be implemented in order to adjust the behaviour of the Chua circuit. In addition, by changing the value of the resistor repeatedly, the transition of states (period doubling) in the Chua circuit can be observed clearly, and the entire bifurcation diagram can be demonstrated.
The Chua Diode
Since the nonlinear element r N does not exist as a passive component, it must be implemented using active elements such as operational amplifiers (op-amps). As there are many implementations for the Chua circuit, there are many alternative implementations of the nonlinear element (also known as the Chua diode). Figure 3 shows the schematic of a popular hardware implementation of the Chua circuit with a dual op-amp implementation of the nonlinear Chua diode. The Chua diode has been implemented by many authors (e.g., [ElKe00] , [Cros03] ), but a robust circuit was first developed by Kennedy [Kenn92] , [KeRS00] . A good discussion of op-amp related to such circuits can be found in, for example, [HoHi89, Ch. 4 
Isolated Power Supply
The implementation of the Chua circuit shown in Fig.  3 is based on a dual op-amp chip (TL082CN) which requires a dual power supply of ±15 V. Moreover, the Chua circuit produces a wide range of frequencies that can interfere with the digital components used in the circuit. For example, the digital potentiometer is based on electronic circuits to imitate impedance variability, and requires stringent voltage conditions from a power supply. Thus, the robustness of the circuit could be increased by isolating the power supply from the digital potentiometer and its control circuit. This was done by a DC-to-DC converter that converts a single 5-V supply to ±15 V to provide the voltage for the op-amps. The DCP0205-15DP has been selected for this purpose, and its block diagram is shown in Fig. 4 [Burr99] . The behaviour of the Chua circuit depends on all the values of its reactive, passive and active components. In order to demonstrate the bifurcation diagram on an oscilloscope, the behaviour of the Chua circuit should repeat from the first bifurcation point p 0 to the last bifurcation point p ∞ gradually and repeatedly. In this work, the coupling resistor R is replaced with a multi-tap digital potentiometer to vary the behaviour of the circuit. A multi-tap (1024-tap) digital potentiometer (MAX5483 from MAXIM) is selected [Maxi10] . A block diagram for this component is shown in Fig. 5. 
Multi-Tap Digital Potentiometer
Microcontroller
The basic Chua circuit requires no computer, or microprocessor, or microcontroller. Our automated Chua circuit described in this paper requires a microcontroller such as the PIC16F876A [Micr03] . This controller has been selected because of much experience and support available at the University of Manitoba. Many other embedded microcontrollers could also be used to perform the required functions.
One of the functions is to control the digital potentiometer. The pot receives commands through the serial peripheral interface (SPI) bus, according to a specific protocol. The microcontroller sends the values of the required resistance of digital potentiometer between two set points over a desired time, thus producing a sawtooth waveform, as shown in Fig. 6 . The sawtooth waveform is implemented using software code on the PIC16F876A microcontroller. The microcontroller increases the value of its register. When the value of the register reaches the high set point then it places the value of the low set point on the register. The incrementing repeats in order to provide the periodic waveform within a range as required by the specific mode of operation of the Chua circuit. The two set points are found in order to set the Chua circuit varying between p 0 and p ∞ . The implementation of the sawtooth waveform generator is first done in the C language, and then the code is compiled and programmed in the microcontroller, using the software package provided for the PIC microcontrollers.
Breadboard Implementation
In order to ease the implementation, a breadboard has been selected for realization of the Chua circuit and the digital controller section. Table 1 . 
EXPERIMENTAL RESULTS
Bifurcation Diagram
Fig. 8. Bifurcation diagram captured on a digital oscilloscope (Tektronix TDS1012B).
In any course on dynamical systems, the bifurcation diagram is one of the most important visualization tools. If a bifurcation diagram exists, the underlying process may lead to chaos. This circuit was designed to demonstrate the bifurcation diagram on either a storage oscilloscope, or through any suitable data acquisition unit. This bifurcation demonstration constitutes the first main objective of this experiment. Figure 8 shows a screen shot of a repeated bifurcation diagram on a digital oscilloscope (Tektronix TDS1012B using its built-in screen shot function).
In order to obtain a higher resolution of the bifurcation diagram, the resistor-ramping period of the digital potentiometer is set to 10 seconds. In other words, the resistor of the Chua circuit is wiped from the low set point toward the high set point within 10 seconds. Figure 9 shows a better resolution bifurcation diagram in order to obtain more details. This has been achieved by decreasing the time axis parameter of the oscilloscope from 2.5 sec to 1 sec per screen grid unit. It is seen from Fig. 9 that the left side of the screenshot represents a single (1-period) solution which increases monotonically up to the first bifurcation in the middle of the screen. The band increases up to the threequarters of the screen where it spreads to the entire screen. The chaotic regime is indicated by the dots spread over the band.
Displaying Chua Strange Attractor in 2D
The second main objective of this experiment is to demonstrate that the Chua circuit has a strange attractor (this name was coined by Ruelle and Takens in 1971 [RuTa71] ). If the attractor exists, the process cannot be random [Kins12] . Since the Chua circuit has three degrees of freedom, its state space is threedimensional (3D). One way to display a strange attractor is to take a pair of the state variables (e.g., x and y), and pass them to the two deflectors (X,Y) of an oscilloscope. It is seen that the strange attractor is a double-scroll indeed. Although any pair of the state variables could be used to display the strange attractor, variables x and y represent the voltages on the capacitors that can be tapped easily.
Displaying Chua Strange Attractor in 3D
Since an oscilloscope cannot display all the three dimensions of the actual attractor, the 3D state space of the circuit can be reconstructed from the three x, y, z signals, as acquired from the Chua circuit, using a data acquisition unit and a computer. The data acquisition selected for this experiment is the NI-DAQCard6062E card from National Instruments [NaIn05] , as shown in Fig. 11 . The card can sample at a rate of up to 500 kilosamples per second (kS/s) and 12-bit resolution. An SCB068 terminal box is also used to reduce noise and signal distortion. This data acquisition system records 10 seconds of data on all the three channels (x, y, z) from the Chua circuit, and stores the data on a PC using MatLab Simulink (MDL) [NaIn08]. In order to capture the highest quality of the broadband signals generated by the Chua circuit, the highest available bandwidth of the data acquisition has been employed (50,000 samples per second, with 8-bit resolution). The record length is 5,165,229 bytes (4.92 MiB). At this rate, a 4GiB SD card can store over 2.5 hours (8,130 s) of data. Figure 12 shows a screen shot of a window of the captured data representing the three state variables of the Chua circuit. The screen shot has been obtained, using a built-in function on the Tektronix TDS2014B digital storage color oscilloscope. The three channels shown in Fig. 12 are the electric voltage on capacitor C1 (Ch. 1), the voltage on capacitor C2 (Ch. 2) and the electric current through inductor L (Ch. 3) are shown. The above (x, y, z) data acquired from the Chua circuit have then been displayed as a 3D plot, using Mathworks Maltab [Math12] , and the plot is shown in Fig. 13 . Notice that although the plot has been rotated with respect to the oscilloscope display of Fig. 10 , the double scroll character of the object is unchanged. The order of the channels might have been reversed when plotting the diagrams.
Reconstruction of Strange Attractor
The third main objective of this experiment is to reconstruct the strange attractor from a single time series acquired from the Chua circuit.
2D Reconstruction: A 2D projection of the strange attractor can be reconstructed from a single signal observation, by plotting the current sample of the signal u[n+1] against the previous sample of the signal u [n] . Figure 14 shows the 2D strange attractor reconstructed from the C1 capacitor signal voltage (v C1 ). This result reconstructed from a single time series v C1 is remarkable as it resembles the strange attractor displayed on the oscilloscope (Fig. 10) , as generated by two separate signals, v C1 and v C2 . Since the strange attractor has an unambiguous non-random shape, the underlying process cannot be random. The only limitation of the above 2D graph is that the double scroll intersects itself.
3D Reconstruction:
The above attractor reconstruction process can be extended to the entire 3D strange attractor by plotting the signal samples with one and two time delays, u[n+2] against u[n+1] against u [n] . Figure  15 shows a 3D plot of the strange attractor, also reconstructed from v C1 . This reconstructed 3D strange attractor is very similar to the strange attractor assembled from the three real data captured by the data acquisition. Is there anything special about the voltage on C1 that allow us to reconstruct the 3D strange attractor with such high fidelity? The answer is clearly negative. Since each single observation time series contains the same information about the entire dynamical system, the strange attractor could be reconstructed from the other two observations, either the voltage from C2, v C2 , or the current through L, i L .
Reconstruction of Unknown Attractors
In the case of Chua circuit, we know that its phase space has three dimensions. Thus, the reconstructed Chua strange attractor must "live" in three dimensions. We say that the embedding dimension of the attractor is D E = 3.
Takens (e.g., [Take81] , [Take10] ) has provided a remarkable theorem that states: a strange attractor, if one exists, can be reconstructed from a single time series, even if we do not know the number of embedding dimensions D E , = m and the time lag τ between samples to be involved in the reconstruction. To clarify this statement, let us consider an original time series with N quantized samples denoted by
The strange attractor could be reconstructed by placing its successive points on the trajectory in m-dimensional pseudo phase space. Each point U[n] on the trajectory has m coordinates selected from the original time series according to
There are several good techniques to find the integer embedding dimension D E , and the time lag τ (e.g., [Addi97] , [Will97] , [SaYC91] ). Since both parameters [Addi97] . The principle behind this technique is that if the embedding dimension of the pseudo-phase space D P is too small, or if D P < D E , the distances between the "false" neighbours change. However, when D P ≥ D E , the distances between the "true" neighbours stop changing.
VERIFICATION OF RESULTS
To verify that the sampling frequency of 50 kS/s was sufficient for this Chua circuit, the three signals (v C1 , v C2 , i L ) were checked for stationarity (the first and second moments only), then a spectral analysis was performed to establish the signal range, and the Nyquist frequency was calculated.
Each channel was checked for weak stationarity over the entire record length by calculating the first two moments (mean and variance) for three windows of sizes 100, 1,000, and 10,000 samples, with 50% overlap.
The signal ranges were also computed from the data collected. The ranges are reproduced here to give an idea about the magnitudes expected from such circuits. A Fourier analysis was also performed on the three channels. The spectra are quite distinct, with the cutoffs v C1 = 5,700 Hz, v C2 = 3,200 Hz, and i L = 3,000 Hz. This means that the actual sampling frequency used in the experiment was above the required Nyquist frequency.
CONCLUDING REMARKS
Teaching dynamical systems can be enhanced by simulating and demonstrating the behaviour of various physical systems. Very often in the past, the systems were mechanical, such as the driven pendulum systems from Daedalon Corporation [SmBl06] , Leybold Didactic, Pasco Scientific, and TELAtomic, Inc. [BlBa98] . Although the mechanical systems were often expensive and difficult to maintain in the classroom, they provided excellent hands-on experience to the students and researchers [BaBl09] . Many alternative systems are electronic, such as the Chua circuit described in this paper. The Chua circuit is easy to implement since it has few components, and can be constructed using commercial off-the-shelf components. Our Chua circuit implementation can demonstrate the entire bifurcation diagram, and can be used to display the strange attractor. The multi-tap microcontroller-driven potentiometer allows the demonstration to be performed quickly and repeatedly. The gained time can then be spent on discussion of the results.
This implementation can also provide the capability to automate the shifts to different states of the Chua circuit.
